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ABSTRACT 

Suppose tha t  V is a variety of Lie algebras, and let Cn (V) be the dimension 
of the linear span of all multilinear words on n distinct letters in the free 
algebra F(V, X) of the variety V. We consider an exponential generating 

function 

c(v, z) ~ c~(v) zn ' 
= - 7 . '  

called the complexity function. The complexity function is an entire 
function of a complex variable provided the variety of Lie algebras is 

nontrivial. In this paper we introduce the notion of complexity for Lie 
varieties in terms of the growth of complexity functions; also we describe 
what  the complexity means for the codimension growth of the variety. 
Our main goal is to specify the complexity of a product of two Lie varieties 
in terms of the complexities of multiplicands. The main observation here 
is tha t  C(MV, z) behaves like a composition of three functions C(M, z), 
exp(z), and C(V, z). 
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1. C o d i m e n s i o n  g r o w t h  o f  va r i e t i e s  o f  Lie a l g e b r a s  

The structure of the present paper  is as follows. In Section 1 we present some facts 

on the codimension growth of Lie varieties. Section 2 contains some necessary 

facts on the growth of entire functions. In Section 3 we introduce the notion 

of complexity for Lie varieties and discuss its connection with the codimension 

growth (Theorem 3.5). In Section 4 we study double complexity functions; they 

happen to be a good instrument. In Section 5 we prove Theorem 5.1 on the 

complexity of the product of two Lie varieties; this is our main result. 

Let H be a Lie algebra over a field K.  Suppose that  F -- F ( X )  is the free Lie 

algebra with the countable set of free generators X = {xili E N}. Then 0 ~ f C F 

is said i d e n t i t y  (or i den t i ca l  r e l a t ion)  in H,  iff for any ai C H, i E N and any 

homomorphism ¢: F -+ H, ¢(xi) = a~, i C N we have ¢ ( f )  = 0; also in this 

case we say that  H is a P I - a l g e b r a .  Suppose that  I C F; then the class of all 

Lie algebras V, satisfying identities I ,  is said va r i e ty .  The set of all identities 

V(X),  which are true in a given variety V, is an ideal in F ( X ) ,  so we can consider 

F(V, X)  = F ( X ) / V ( X ) ,  which is called f ree  a l g e b r a  o f  t h e  v a r i e t y  V. It  has 

the property that  VH E V, Va~ C H, i E N, 3!¢: F ( V , X )  -+ H: ¢(x~) = a~, i c 

N. A variety is called n o n t r i v i a l  if it satisfies some nonzero identity. For the 

theory of varieties of Lie algebras see the monograph [1]. 

Let Pn(V) C F(V, X)  be the set of multilinear elements on letters X l , . . . ,  x~. 

Namely, Pn(V) is the linear span of all monomials on xa , . . .  ,xn (more exactly, 

their images in F(V, X))  such that  each letter xi, i = 1 , . . . ,  n enters monomials 

exactly one time. For the variety V we have the function of the e o d i m e n s i o n  

growth 

c~(V) = c n ( F ( V , X ) , X )  = dimKP~(V),  n E N. 

It  is evident that  for other variables xil, • • •, x~. E X we will get the same number. 

The behavior of the sequence ca(V) is an important  characteristic of the variety 

V. The same observations hold also for varieties of associative algebras. 

Recall the definition of the polynilpotent variety of Lie algebras Nsq .." N82 N81, 

corresponding to a tuple (Sq, . . . ,  s2, sl); it consists of all Lie algebras H,  such 

that  there exists a chain of ideals O=Hq+lCHq c . . .  cH1 = H, H~/Hi+I C 

Ns~. If Sq . . . . .  s2=sl = 1 then one has the variety Aq of solvable Lie algebras 

of step q. Lie brackets are considered to be leftnormed, that  is [ a l , . . . ,  an] -- 

[...[al,a2] . . . .  , a n ] .  

In [15] we suggested the scale to measure an overexponential growth of Lie 

algebras; in [16] this scale was refined. In terms of this scale the growth of 
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polynilpotent varieties of Lie algebras was described. Define by iteration 

(1) { (n!)(a--1)/a~n/°~, 

n!" (Z/~)n/~ 
~ni~---~) n),~/-------~ 

325 

In (°) x = x, in (s+l) x = ln(ln (s) x); exp(°)x = x, exp(~+l)x = exp(exp(S)x), 

s = 0 , 1 , 2 , . . . .  

We consider the series of functions with two real parameters a,/3: 

a _ > l ,  / 3 >0 ;  q = 2 ;  

a > 0 ,  ~ > 0 ;  q = 3 , 4 , . . . .  

THEOREM 1.1 ([16]): Let V = Nsq ""Nsl, q >_ 2 be the polynilpotent variety. 
Then there exists an infinitesimal such that 

{ (n!)Is,- ' I /s ,  (s~ + o(1)?/~ '  ; q = 2; 

c n ( V  ) = •q (n)  : n! [ ~- O ( 1 ) \ n / s l  sl,s2+o(1) 82 

(ln (q-2) n)nM1 ~ ~1 "']j ; q = 3 , 4 , . . . .  

By the following result we see that the scale above is rather complete. 

THEOREM 1.2 ([16]): Let V be a variety of Lie algebras satisfying some non- 

trivial identity of degree m > 3. Then there exists an infinitesimal (depending 

only on m) such that 

n! 
ca(V) < (ln(m_3) n) '~ (1 + o(1)) n. 

This is an analogue of Regev's theorem [19], which asserts that for associative 

PI-algebras cn is bounded by some exponent. 

2 .  G r o w t h  o f  e n t i r e  f u n c t i o n s  

For two functions f(x),  g(x) we write f(x) ~ g(x) iff 3R: f(x) < g(x), x >_ R; we 

call it the a s y m p t o t i c  inequa l i ty .  Recall the notion of o r d e r  [20], [3], [10] for 

an entire function f(z) of the complex variable. Denote Mr(r)  -- maxlz]= r ]f(z)l , 

r ER+ ;  

ord f = inf{pIMf(r) ~ exp(@)} = li--~ In In Mf (r) 
- r - ~  in  r 

Also, t y p e  is defined, provided that the order p = ord f is known [20], [3]: 

a 
t y p f  = inf{aIMf(r) <_ exp(arP)} = lim lnMf( r )  

r -~c~ r p 
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By analogy we define the o r d e r  and t y p e  of the l eve l  q, q = 0, 1, 2 . . . .  as (the 

second provided tha t  ordq f = p) 

In (q+U M y ( r ) .  a 

ordq f = inf  { pl M y ( r ) <_ exp@(rV)} = lira 
r-~oo l n r  ' 

In (q) M i ( r )  
typq f = i n f ( a lM f (r) _~ exp (q) (ar v) } = lim 

r--+oo rP 

We need two facts, the first of which is the classical result. Both  assert ions 

connect  the  growth of an entire function with the asympto t i c  behavior  of its 

coefficients. 

THEOREM 2.1 ([3, 3.2.3], [10]): Let  f ( z )  = ~n°°=oan zn be an entire function of  

order  p and type  a. Then  

lim n 1/p ~ = (aep) 1/p. 
n --~ o o  

THEOREM 2.2 ([16]): Suppose  that f ( z )  ~ n = ~ n = o  anz  is an entire function. 

Then  for any fixed numbers  q E N, q >_ 2; p > O, 

In (q) M / ( r )  In (q-l) n lim - lim ta,~f tn. 
r ~," o o  T p n --+ o o  

These  two theorems have a weaker version. 

THEOREM 2.3: Suppose that  f ( z )  = ~n°°=o anz  n is an entire function. Then  

the order  of  level q, q E N, is equal to 

in (q) n 
ordq f ( z )  = lim 

For the  ord inary  order (q = 1) this is the classical result [10]. If q > 2 then  the 

result  follows from the es t imates  obta ined in the proof  of Theo rem 2.2; see [16]. 

We shall make  use of one technical lemma.  

LEMMA 2.1: Let  q E N, p > O, a > 0 be fixed numbers.  

(1) T h e  following formulas give an entire function wi th  order  p, type  a, and 

level q. 

{ (e<,.]ol. 
\ - - n - - i  , 

a .  

o o  

:(,)-- E o - : ,  
n = N  

q=l; 
n/o 

, q _> 2 (where In (q-l) N > 1). 
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(2) For these functions My(r)  = exp(q)((g + o(1))rP), r C R +. 

(3) Under integration g(z) = fo f ( z ) d z  the behavior of the module remains 

the same, Mg(r)  = exp(q)((c r + o(1))r°), r E ~+. 

Proof: The first assertion follows directly from Theorems 2.1 and 2.2 (for q = 1 

this is well known [10]). 

The  upper  bound  for My(r)  in the second claim follows from the fact tha t  f ( z )  

has the given order and type. It  remains to obtain the lower bound.  First, we 

consider q = 1, 

( eeP'~ nIp 1R+ 
M r ( r )  = an r'~ >_ 7(n) = anr" = \ - ~ -  r '~, r e . 

r t ~ N  

By taking n ,  = apr p one has 7 (n , )  = exp(arP);  this is the desired lower bound  

(the whole par t  for n ,  does not  seriously change matters) .  If  q _> 2 then 

M / ( r )  > ' ) , ( n ) = a n r  n =  ln(q_--l) r n, r C I R  +. 

Compu ta t i on  shows tha t  for any 0 > 1, by taking n ,  = exp(q-1)(cr/Or p) we obtain 

the est imate  

Ml ( r )  >_ ~/(n.) = exp ( ~ e x p ( q - ' ) ( ( T / O r ° ) )  
(2) 

a 

>_ exp(q)(ao/OrP), for any a0 < a. 

This is the desired lower bound  since 0 > 1, or0 < a were taken arbitrarily. 

For assertion (3), the upper  bound follows from the fact tha t  the order, type,  

and level of an entire function do not change after integration. For the ordinary 

order and type  this is well known [3]. For higher levels, see [16]. Let g(z) = 

fo f ( z ) d z  = En%l bnzn; then bn = an -1 /n  and, for q _> 2, 

b n =  1 ~ ~ 
- ~ - ln(q-~l) n In (q-I n -- I) > n , for any ~ < a. 

An analogous est imate is valid for q = 1. Now we can apply the estimates 

obta ined above ((2) for q > 2) to obtain the desired lower bounds.  | 
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3. C o m p l e x i t y  o f  Lie var ie t ies  

First, recall the notion of c o m p l e x i t y  (or P I -d e g re e )  for varieties of associa- 

tive algebras due to V. N. Latyshev. Suppose that V is a variety of associative 

algebras. Then n(V) is the maximal n such that the matrix ring Mn(K)  belongs 

to V. For a PI-algebra A denote by var A the variety determined by all identical 

relations of A; then its complexity is defined as n(A) = n(var A). By the theorem 

of Amitsur [9] the complexity of a H-algebra is always a finite number. 

THEOREM 3.1 ([4], [5], [6]): For any associative PI-algebras A, B the following 

inequalities hold: 

n ( A ) . n ( B )  < n(A ® B) < 2n(A) .n (U) .  

Now let us turn to varieties of Lie algebras. We will introduce the notion 

of complexity for Lie varieties in terms of the growth of complexity functions. 

Let V be a variety of Lie algebras; then the c o m p l e x i t y  f u n c t i o n  is defined 

as [17], [18] 
oo ca(V) z L 

c ( v ,  z) = z c c .  

This notion enabled Yu. P. Razmyslov to reformulate in a nice way the upper 

bound for an arbitrary nontrivial variety of Lie algebras due to Grishkov [9]: 

THEOREM 3.2 ([17], [18]): Let V be a nontrivial variety of Lie algebras. Then 

C(V, z) is an entire function of the complex variable. 

An important step in the proof of Theorem 1.1 is an estimate on the growth of 

the corresponding complexity function. In case of complexity functions we have, 

of course, Mr(r )  = f (r) ,  r • IR +. 

THEOREM 3.3 ([16]): Let V = N,q . . .N~I ,  q > 2 be the polynilpotent variety 

and f ( z )  = C(V, z) be its complexity function. Then 

in (q-l) My(r) s2 
lim 

r--+oo r s l  81 " 

COROLLARY 3.1 ([16]): Let V = Nsq " .N, , ,  q >_ 2 be the polynilpotent variety 

and f ( z )  = C(V, z) be its complexity function. Then 

ordq-1 f ( z )  = Sl, typq_: f ( z )  = s2/sl .  

Also, Theorem 1.2 was derived from estimates for the complexity function. 

Denote oo ,~ _ _ Y'~-n=o a,~z -~ ~,~°°=o b,~z n iff am < bn, n > 0. The following result is an 

improvement of the bound [18]. 
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THEOREM 3.4 ([16]): Let V be a variety of Lie algebras satisfying some nontriv- 

ial identity of degree m > 3. Then there exists an entire function r(z)  (depending 

only on m)  such that 

C(V,z) -< r(z),  ordm_2 r(z) = typm_ 2r (z )  = 1. 

Now let us define the c o m p l e x i t y  n u m b e r s  of a Lie variety V in te rms  of the 

growth of its complexi ty  function f ( z )  = C(V, z). 

C o m p  1V = min{q C N]3p: 
& 

Comp 2 v  = inf{plM~(r) < 
a 

C o m p  3V = inf{o-[Mf(r) _~ 

& 

My(r)  <_ exp(q-1)(rP)}; 
exp (q-l) (rP)} = ordq_l C(V, z); 

exp (q-l) ( c r r ° )}=  typq_ 1 C(V, z). 

Let  us commen t  on these numbers .  By Theorem 3.4, q = Comp 1 V E N is always 

a finite number  for a nontr ivial  variety; it will also be referred to as the l eve l  of V. 

By const ruct ion p = Comp2 V c [0, oo) is also finite. In case p = C o m p 2 V  > 0 

we also consider C o m p  3 V. Now by the c o m p l e x i t y  of V we mean  the tuple  

C o m p V  = (Comp 1 V, C o m p  2 V, Comp  3 V). We say tha t  C o m p V  is nontrivial  iff 

the second and third entries are finite and nonzero. To evaluate  f rom below we 

also introduce numbers  

C o m p  1 V 

C o m p  2 V 

C o m p  a V 

C o m p  V 

a 

= max{p  e Nl~o~ > O: My(r )  >_ exp(P-1)(ra)};  
a 

= sup{a  > O]My(r) _> exp(P-1)(r~)},  where p = C o m p  1 V; 
& 

= sup{3 >_ OIMy(r) >_ exp(P-1)(t3ra)}, for c~ = C o m p 2 V  < oo; 

= (Comp 1 V, C o m p  2 V, Comp  a V). 

We shall compare  tuples (q, p, ~) lexicographically f rom the left and use sign <_. 

In these nota t ions  Theorems  3.3 and 3.4 imply 

COROLLARY 3.2: Let V = N~. . . .  N~ 1 . Then 

S (q, sl,  1/sl) ,  q = 1; 
C o m p V  C o m p V  

(q, s l , S 2 / S I )  , q >_ 2. 

Proof: We should only add for q = 1 tha t  cn(N~) = (n - 1)!, 1 < n _< s, and 

C(N~, z) = E : = ,  zn /n .  ' 

COROLLARY 3.3: Suppose that V is a variety of Lie algebras satisfying a non- 

trivial identity of  degree m. Then C o m p V  <_ (m - 1, 1, 1). 
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Also, let us consider the series of functions ffJ~(n), q = 2, 3 , . . .  with one real 

parameter  a ,  which yields a rougher scale than (1): 

{ (n!) (a-1)/a,  a > 1, q = 2; 
(3) = n! 

a > 0, q = 3 ,4 , .  
(ln(q -2) n)~/~ ' "'" 

Let  f ( n )  be a function of a natural  argument,  and suppose tha t  ~-7(n) is a function 

of a na tura l  argument ,  which is continuous and increasing with respect to the 

parameter  3' (e.g. (3), or (1)). We will compare f (n )  with ~-~(n) in the following 

way. Let  the number  c E R be fixed. Then  we introduce a convenient notation:  

f (n )  ~ Tc(n) ¢==~ inf{~' I f ( n )  ~ TT(n)} = C. 

In [13] Mishchenko introduced e x p o n e n t s  for a variety of Lie algebras V; further,  

they are also studied in [14]: 

E x p V :  lim ~ ,  E x p V =  lim ~/-~V). 

Now we can describe what  these complexity numbers mean for the codimension 

growth. 

THEOREM 3.5: Suppose that V is a nontrivial variety of Lie algebras with 
Comp 1 V : q. 

(1) I fq  : 1 then: 

(a) the complexity function is a polynomial C(V, z) : ~-~.~=1 cn(V) /n!zn, 
and Comp 2 V : Comp 2 V = p, Comp 3 V : Comp 3 V : cp(V)/p!; 

(b) V is nilpotent V C Np, V ¢ Np-1. 

(2) / f  q > 2 then the situation is described by comparison with the scales in 

equations (3) and (1): 

(a) Comp2V = p i f f c , (V)  ,.2 k~q(n); 

(b) Comp3V = a iffcn(V) ~ ffJq,~.p(n), provided that Comp2V = p; 

(c) if q - -  2, p = 1 then Comp3V = ExpV.  

Proof: If q = 1 then  the complexity function is bounded by some polynomial  

and, by the Cauchy estimates, it coincides with some polynomial  [20]; C(V, z) = 
P ~n=lC , (V ) /n ! zn"  Evidently, cp+l(V) = 0, cp(V) ~ 0 implies tha t  V C Np, 

V ¢ Np-1. 
Let  us prove case (2b). Recall tha t  in our case f ( z )  = C(V, z) = ~n~__l a,~z n, 

a ,  = c , ( V ) / n I  If q >_ 3, then we use Theorem 2.2 and observe tha t  the following 
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condit ions are equivalent: 

In (q-l) M r ( r )  C(V, z) = a; 
lira In (q-2) n]anl p/n = liIn - typq_ 1 

n --+ c ~  r --+ o o  r P 

o - n / P  

in (q-2) nla,~] p/n ~ a; an ~ 
(ln(q -2) n)n/v '  

n! • a n/v 
c (v) = ann! n)n/p - A 

If q = 2, then  we app ly  Theo rem 2.1 and subs t i tu te  by the Stirling formula  

n n ,.~ n ! e n / ~ :  

(4) 

lim nl/° lanl  1/'~ = (aep) lip, c,~(V) = a,~n! ,.Y n-'Vv(crep)n/Pn!; 
n -"+ o o  

en(V) ---- 

Now case (2c) follows from (4). 

For case (2a), we app ly  Theo rem 2.3 and proceed as above: 

In (q-l) n in (q-l) n 
lira -- ordq_l C(V, z) = C o m p  2 V = p; 

n-+oo In ~ In ~ / ~ a ~ [  

1 n! 

[a~] ~,o (ln(q-2) n) '~/p' an(V) = n! - ]an]  ~ (ln(q_2) n)n/p 

~.,o p; 

If q = 2 then  we also use an easy corollary f rom the Stirling formula  n ~ -- 
(n! )  1+°(1) . m 

Remark:  I t  is not possible to interpret  in the same way C o m p  V. 

Remark:  I t  is also possible to consider the polynomial  growth of c,~; this is the  

Subcase of case (2c). Let  us describe the  s i tuat ion for char K = 0. Varieties of 

Lie a lgebras  wi th  the polynomia l  codimension growth were specified in [2], [11]. 

T h e  condi t ion t h a t  c ,  grow polynomial ly  is equivalent to E x p V  = i; the  la t ter  

in our notions can be wr i t ten  as C o m p V  = (2, 1, 1). Indeed,  if cn grow less t han  

any exponent  (i.e. E x p V  = 1) then  this is a polynomial  [12]. Moreover,  the 

recent  result  of S. P. Mishchenko says tha t  E x p V  < 2 implies the polynomial  

growth [13]. 
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4. D o u b l e  c o m p l e x i t y  f u n c t i o n s  

We shall consider complexity functions in a more general context. Suppose that  

we are given an algebra (groupoid), which is generated by X = {xili E N). Let 

A be a subspace in this algebra (subset in the groupoid). 

For any set of distinct elements f(  = {xi~,.. . ,xi, ,} C X, by P,~(A,.~) we 

denote the linear span (subset) of all multilinear elements of degree n on .~ in A. 

Suppose that  the dimension of this linear span (number of elements) cn(A, X) 
does not depend on the choice of )( ,  but depends only on n. In this case we 

write cu(A) = cn(A,)(); also in this case we say that,  for A, we have de f i ned  

t h e  c o m p l e x i t y  f u n c t i o n  w i t h  r e s p e c t  to  X; the latter is written as 

C(A,z) }2  c = - - z  n, zE  C 
n = l  

(where the sum is taken from n -- 0, co -- 1 for associative algebras and groupoids 

with unity). Remark that  A need not necessarily consist of multilinear elements. 

The complexity function is one example of exponential generating functions [7]. 

Also, we shall consider double complexity functions. Suppose that  we have 

an algebra (groupoid), which is generated by two sets X = {xil i E N}, Y = 

{y~]i E N}. Let A be a subspace (subset in the groupoid). For any sets of 

distinct elements ) (  = { x i i , . . . ,  xi ,}  C X, Y = {yi~, . . . ,  Yim} C Y we denote by 
N 

Pnm(A, X,  Y) the linear span (subset) of all multilinear elements of degrees n on 

)(  and m on Y in A. Suppose that  the dimension of this linear span (number 

of elements) Chin(A, X,  Y) does not depend on the choice of X,  Y, but depends 
N 

only on n,m. In this case we write c~.~(A) = c~m(A,X,Y); also, in this case 

we say that,  for A, we have de f ined  t h e  d o u b l e  c o m p l e x i t y  f u n c t i o n  w i t h  

r e s p e c t  t o  X and Y: 

o o  

C(A,x ,y )= E c~m(A) n!m! x~Ym' x ,y  E C 
n = l , m = l  

(where the sum is taken from n = O, m = 0 Coo -- 1 for associative algebras 

and groupoids with unity). We also hope that  the variables x, y E C will not be 

mixed with xi E X, yj E Y. Of course, it is possible to consider triple complexity 

functions, etc. When it is clear what complexity function we consider, we omit 

variables and write C(A). 
The following two lemmas are the double versions of [7], [18], [17], [15], [16]. 

LEMMA 4.1: Let F be a groupoid (an algebra) as above with a multiplication 
denoted by *. Suppose that for subsets (subspaces) A C F, B C F the double 
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complexity functions are defined. Suppose also that all muttilinear elements 

among a * b, a E A, b C B of the set A * B C P are distinct (all multilinear 

elements among {ai * bjii E I , j  E J}  are linearly independent provided that we 

take linearly independent sets {a~[i C I} C A and {bjij e J}  C B). Then A * B 

has a double complexity function, and C(A * B) = C(A)C(B). 

ProoF'. We observe that  

= cij (A)cn-i,m-j (B), 
i=o j=o J 

where the binomial coefficients correspond to all divisions of sets {x 1 , . . . ,  Xn}, 

{Yl , - . . ,  Ym} into two parts. This yields the assertion for the series. I 

LEMMA 4.2: Let L = F ( V , X )  be a Lie algebra generated by sets X = 

{x~li C N}, Y = {y~li E N} and the double complexity function is defined with 

respect to these sets. Then its universal enveloping algebra U(L) also has the dou- 

ble complexity function with respect to X ,  Y.  Moreover, C(U(L) ) = exp(g(L)).  

Let us make use of the standard construction of the universal enveloping Proof 

algebra: 

U(L) "~ T ( L ) / I d { a ®  b -  b ® a -  [a,b][a,b c L}, 

T ( L ) =  ~[~T m, Tm=L®"'®L., 
Y 

r r ~ O  

By Lemma 4.1 we obtain C(T TM) = C(L) m. Let {YjlJ E J}  be a homogeneous 

basis for L. We count multilinear elements only, hence the number of multilinear 

elements among yj~ ® . . .  ® yj,~ E T TM is m! times bigger than the number of the 

corresponding ordered elements in the basis of U(L). As a result, one has 

oo C(Tm ) ~ C(L) m 
C(U(L)) = E m! - ~ m! - exp(C(L)). . 

r n = 0  r n = 0  

LEMMA 4.3: Let L be a Lie algebra generated by X = {xili C N} (by X = 

{xiI i E N} and Y = {YiI i C N}). Suppose that a homogeneous set E C L has the 

(double) complexity function C(E) with respect to X (X and Y) .  Also suppose 

that =~ freely generates H = F(V, =), the free algebra of a multihomogeneous 

variety V; and V has the ordinary complexity function C(V, z). Then H with 

respect to X (X and Y )  has the following (double) complexity function: 

c ( n )  = c(v, c(z)). 
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Proof.' Suppose tha t  

(5) c (v ,  z) = Cnzn 
n! " 

n = l  

If we consider the set of ordered n-tuples  En = ({1,...,{,~1{i ~ =), then by 

L e m m a  4.1, C(F-~) = C(7.) ~ (E~, n c N correspond to the elements  of the free 

monoid  genera ted  by 7.). The  complexi ty  function enumera tes  mult i l inear  ele- 

ments  only, in par t icular  it enumera tes  tuples with ~i ¢ ~j,i ~k j. Therefore,  

for unordered  n- tuples  --~ = {~1,. . . ,{~1{i E 7.} we have C ( ~ )  = C(=-)n/n!. 

Let H = ~o0__~ H~ be the gradat ion by degrees in E. Then  by (5), C(H~) = 

c~C(~-n) = c~C(E)~/n!. Finally, 

C(H) = Z C ( H n )  = C(Z) n = C(V,C(E)).  
n = l  n = l  

5. C o m p l e x i t y  o f  t h e  p r o d u c t  o f  L ie  v a r i e t i e s  

Suppose  t ha t  1~, V are varieties of Lie algebras.  Then  5{. V is the class of all Lie 

a lgebras  L such tha t  there exists an ideal H C L with H E Ig~, L / H  E V [1]. For 

example ,  V = N,~ . . .  N,, is the product  V = Ns, • . . .  • N~2 - Ns,.  If the base field 

is infinite, then all varieties of Lie algebras form a free semigroup with 0 and 1 

with respect  to this opera t ion  [1]. 

Our  main  goal is to prove a s tronger  version of the conjecture from [15], t ha t  

the  level of the produc t  of two Lie varieties is equal to the sum of levels of 

summands .  

THEOREM 5.1: Let I~, V be varieties of Lie algebras and 1MI is multihomoge- 

neous. Suppose that C o m p  V = (q, p, a), where a11 these complexity numbers are 

nontrivial. Also, suppose that Comp I I9~ = p and Comp 2 iMI = a > 0. Then 

(1) 

Comp(IViI-V) < / ( p+q ,p ,  acr), q = 1; 
( p + q , p , a ) ,  q>_2. 

(2) In the first assertion we have equality if  one of the conditions holds: 

(a) C o m p V  -- C o m p V  -- (q, p, a); in particular, q = 1. 

(b) C o m p  l i ~  = p .  

(3) I f  both conditions (2a) and (2b) are satisfied, then Comp( l~  -V)  = 

Comp(1MI. V). 
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Proof: Let L = F(lglI. V,X) ,  X = {xili  c N}. Consider auxiliary algebras 

A = F ( M , Z ) ,  with free generators Z = {zi]i E N} and B = F (V ,Y) ,  with 

free generators Y = {yili ~ N}. Now we can construct the wreath product 

W = A wr~ B [1]. This is the Lie algebra with the following properties: as a 

vector space W ~ N O B ,  A is an ideal in W, and A is the free algebra in l~I with 

the following free generators: 

(6) ~ = { [ z j , ~ <  ,~ ,~=, . . .  , , ~ , 1 1 %  _< ~ =  -< . . .  _< ~*~,~, ,~ >- o, , j  • z } ,  

where u~  are elements of an ordered basis for /3. The mapping ~(x~) = 

Yi + zi, i C N can be extended to a monomorphism q*: L --+ W [1]. 

The algebra W is generated by Y and Z. We consider the double complexity 

functions with respect to these sets. Ordered elements in (6) correspond to the 

basis of U(B)  and, by Lemmas 4.1 and 4.2, 

C(~, y, z) = z .  C(U(B) ,  y) = z .  exp(g(B, y)) = z .  exp(g(V, y)). 

We apply Lemma 4.3: 

c (w ,  y, ~) = c(~)  + C(B) = C(M, zexp(C(V, V))) + C(V, V). 

Suppose that  we have a double complexity function in which we identify 

variables 

oo 

f ( y , z )  = ~ C n m  n m 
n!m! y z , 

n z l , m = l  

9(x) = f ( x , x ) = ~ c n  ,~. n~. x ~ 

n = l  

then 

~- C a b .  
a 

a + b = n  

Let us consider the image of P~(M[V, { x l , . . . ,  x~}) under ~: L --+ W, ~(xi )  = 

Yi + zi. In this image one has summands with different choices of Yi, zi; in 

particular, there are (~) ways to decide which a elements x~ will be substi tuted 

by Yi, while the others are being substituted by zi. Then cab(W) gives the number 

of elements in W with this fixed choice of Yi, zi. This yields the bound 

(7) ~) = c(M, xexp(C(V,x))) + c(v, ~). C(l~V,x) -< C(W,y, y=x 

Z z X  
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Now let us obtain a lower bound for C(NrV). First, we consider W = W/A2; 

then W ~ A (9 B, where A is the abelian Lie algebra with the basis formed by 

images of E. Also W ~ J~wrA B, where A = F(A, Z); for simplicity we use the 

same letters Z, zi also for A and A. Denote by a. b, a C A, b • U(B) the extension 

of the right action a .  b = [a, b], a • ~,  b • B. In our case ~ = ®~,ezzi" U(B) 

is the free U(B)-module [1]. Let g(X1 , . . . ,  X~) be a multilinear identity of the 

minimal degree for V; then the construction of the verbal ideal of the product [1] 

shows that  it is not the identity for AV. We remark that the image of ~: L ~ 

is naturally isomorphic to F(AV, X), therefore 

~ ( g ( X l , . . .  , Xs) ) : f 7~ O, 

f = ~ z i '  f / •  ~,  fi = f /(Yl, . . .  ,Y~,... ,Y,) • U(B). 
i = 1  

Then 

= i "  " '  y o, 

~(Pn(L,  { x l , . . . ,  x~})) D f"  Pn-s(U(B),  {Y~+I,..., Yn})- 

In the same way, for any X'  = { x i l , . . . ,  xi~ } C X ,  n > s, we can fix s elements 

and ~(Pn(L, X')) C A contains an = c~_~(U(B)) linearly independent elements. 

Thus, to any X ~ C X, IXII = n, there correspond an linearly independent multi- 

linear elements in ~.  Denote by A the set of all elements in ~ which are obtained 

in this way. All these elements are obtained from ~(x/), xi • X and we consider 

the complexity function with respect to X, 

( 8 )  c(zx, ) = = e)) n! - -  x"  = . . .  C(U(B), x ) d x . . ,  dx. 
n ~ 8  n ~ s  • 

s t imes  

Let us return to W. Any set in the free algebra A = F(NI, E), which is linearly in- 

dependent modulo its commutator subalgebra ~2, generates a free subalgebra in 

the multihomogeneous variety M [1]. If we take pairwise distinct sets X1 , . . . ,  Xt  

then all respective elements in A are linearly independent, so A is the linearly 

independent set. Now (8) is the complexity function for the free generating set 

A of F(M, A) c A. By Lemma 4.3 we obtain the lower estimate, 

C(IWV, x) ~- C(F(r< a) ,  x) = C(r~, C(A, x)) 

) (9) = C  NI, . . .  z ) ) d x . . . d x  . 

s t imes  
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Now we are ill a posit ion to prove the theorem. Our  generat ing functions 

have nonnegat ive  coefficients and we can consider tha t  in (7) and (9) we have 

ordinary  inequalities for all x = r E R +. By hypothesis  o rdq_ lC(V ,x )  = p, 

typq_ 1 C(V, x) = cy and, after  the exponents  in (7) and (9), we obta in  f imctions 

with the same order and type, but  of the next  level q. As above, the integrals 

in (9) do not change the level, order and type. Also, the factor x in (7) does not 

change the charac te r  of the growth. Let us denote  the a rguments  of C(NI, , )  in the 

right sides of (7) and (9) by g(z) and h(z), respectively. Then  our considerat ions 

yield 

(10) g(r) ~ exp(q)(arP), h(r) ~ exp(q)(arP). 

Let us prove assert ion (1). According to (10), for any E > 0 beginning with  

some number  9(r) is bounded  by exp (q) ((a  +e) rP) ;  also C(NI, r)  < exp (p-l)  (r "+e)  

for sufficiently large r. After subst i tut ion,  the right hand side of (7) is bounded  

asympto t ica l ly  by exp (p+q-1) ((a+2c)r p) if q >_ 2 and exp (p) ( ( a a + 2 ¢ ) r  o) if q = 1. 

Since e > 0 was taken arbitrari ly,  this proves the desired upper  bound.  

Let  us consider (2a); here we are given C o m p V  = C o m p V  = (q ,p , a ) .  Our  
a 

assumpt ion  means  tha t  for any E > 0 we have C(V, r) _> e x p ( q - U ( ( a - e ) r P ) .  Now 

we app ly  L e m m a  2.1 to const ruct  an entire function with nonnegat ive  coefficients 
a 

ho(z) such tha t  ordqho(z) = p, typqho(z) = a - 2 e .  So, exp C(V,r)  >_ h0(r);  

by sub t rac t ing  some constant  from the left side we can convert  this inequali ty 

into an ord inary  inequality. This  inequality remains valid after  taking s t imes 
a 

the integral. By L e m m a  2.1 we have h(r) >_ exp(q)((a - 3e)rP). Since ~ > 0 

was taken arbitrari ly,  and due to (10), we obtain  h(r) = exp(q)((a + o(1))rO). 
It  remains  to recall t ha t  C(NI, r) ~Y~ exp(p-1)(r  a) and use these values in (9). If 

q = 1 then, by Theo rem 3.5, C o m p V  = CompV.  

Case (2b). By assumpt ion ,  there exists a ~ > 0 such tha t  
a 

C(NI, r) >_ exp(V-1)(r" ). 

Due to (10), h(r) ~.~ exp(q)(ar o) and these values we subs t i tu te  into (9). 

Assert ion (3) is proved by combining the previous arguments .  | 

COROLLARY 5.1: Under the hypothesis of the theorem 

C NI, . . .  e x p ( C ( V , x ) ) d x . . ,  dx < C(NrV, x) 
i 

s t ~ m e s  

c(M, xexp(C(v, + c(v, 

where s is the minimal degree of an identity in V. 
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Remark:  We cannot claim equality in the first assertion of Theorem 5.1 without 

additional assumptions. Just  to explain this we observe that  the upper limit of 

a composition of two functions does not always coincide with the composition of 

upper  limits. Our additional assumptions say that  one of the functions behaves 

"smoothly".  

Remark:  Theorcm 5.1 yields by induction the upper bounds for Theorem 1.1. 

But we rely heavily on Theorems 2.1 and 2.2, which contain upper limits only, 

and we cannot derive the lower bounds in this way. 

References 

[1] Yu. A. Bahturin, Identical Relations in Lie Algebras, VNV Science Press, Utrecht, 
1987. 

[2] 1. I. Benediktovich and A. E. Zalesskii, T-ideals of  free Lie algebras with polynomial 

growth of a sequence of codimensions, (Russian) Vestsi Akademiya Navuk BSSR, 
Seryya Fizika-Matematychnykh Navuk, 1980, No. 3, 5-10. 

[3] M. A. Evgrafov, Asymptot ic  Estimates and Entire Functions, Gordon and Breach, 
New York, 1961. 

[4] T. V. Gateva, The complexity of  a variety generated by a tensor product of 

algebras, Vestnik Moskovskogo Universiteta Seriya I Matematika, Mekhanika 
(1980), No. 2, 47 50; Engl. transl., Moscow University Mathematics Bulletin 35, 
No. 2 (1980), 51-55. 

[5] T. V. Gateva, An estimate of  the complexity of  a variety generated by the ten- 
sor product of  algebras, (Russian) Comptes Rendus de l'Acad6mie Bulgare des 
Sciences 35 (1982), No. 12, 1623 1626. 

[6] T. V. Gateva, P.I. degree of tensor products of  PI-algebras, Journal of Algebra 
123 (1989), 64-73. 

[7] I. P. Goulden and D. M. Jackson, Combinatorial Enumeration, Wiley, New York, 
1983. 

[8] A. N. Grishkov, On growth of varieties of  Lie algebras, Mathematical Notes 44 
(1988), 515-517. 

[9] N. Jacobson, Structure of  Rings, American Mathematical Society, Providence, R.I., 

1964. 

[10] B. Ya. Levin, Lectures on entire functions, Translations of Mathematical Mono- 
graphs, Vol. 150, American Mathematical Society, Providence, RI, 1996. 

[11] S. P. Mishchenko, On varieties of  polynomial growth of Lie algebras over a field ot 

characteristic zero, Matematicheskie Zametki 40 (1986), No. 6, 713-721. 



Vol. 113, 1999 COMPLEXITY OF LIE VARIETIES 339 

[12] S. P. Mishchenko, On varieties of Lie algebras of  intermediate growth, (Russian) 
Vestsi Akademiya Navuk BSSR, Seryya Fizik~-Matematychnykh Navuk (1987), 

No. 2, 42-45. 

[13] S. P. Mishchenko, Lower bounds on the dimensions of  irreducible representations of 

symmetric  groups and of the exponents of  varieties of  Lie algebras, Matematicheskii 
Sbornik 187, No. 1 (1996), 83 94; Engl. transl., Sbornik Mathematics 187, No. 1 

(1996), 81 92. 

[14] S. P. Mishchenko and V. M. Petrogradsky, Exponents of  varieties of  Lie algebras 

with a nilpotent commutator subalgebra, to appear. 

[15] V. M. Petrogradsky, On types of overexponential growth of identities in Lie PI- 

algebras, Fundamentalnaya i Prikladnaya Matematika 1, No. 4 (1995), 989-1007. 

[16] V. M-. Petrogradsky, Growth of polynilpotent varieties of  Lie algebras and rapidly 

growing entire functions, Matematicheskii Sbornik 188, No. 6 (1997), 119-138; 
Engl. transl., Russian Academy of Sciences, Sbornik Mathematics 188 (1997), No. 
6, 913 931. 

[17] Yu. P. Razmyslov, Complexity of  varieties of  Lie algebras and their representa- 

tions, Vestnik Moskovskogo Universiteta Seriya I Matematika (1988), 75-78; Engl. 
transl., Moscow University Mathematics Bulletin 43, No. 4 (1988), 69-73. 

[18] Yu. P. Razmyslov, Identities of  Algebras and their Representations, Translations ot 
Mathematical Monographs, Vol. 138, American Mathematical Society, Providence, 
RI, 1994. 

[19] A. Regev, Existence of polynomial identities in A ® B, Bulletin of the American 
Mathematical Society 77 (1971), 1067-1069. 

[20] B. V. Shabat, Introduction in Complex Analysis, Translations of Mathematica] 
Monographs, American Mathematical Society, Providence, RI, 1992. 


